We study the spin-1/2 and spin-1 J 1 -J 2 Heisenberg antiferromagnets (HAFs) on an infinite, anisotropic, two-dimensional triangular lattice, using the coupled cluster method. With respect to an underlying square-lattice geometry the model contains antiferromagnetic (J 1 > 0) bonds between nearest neighbours and competing (J 2 > 0) bonds between next-nearest-neighbours across only one of the diagonals of each square plaquette, the same diagonal in each square. In a topologically equivalent triangular-lattice geometry the model has two sorts of nearest-neighbour bonds, with J 2 ≡ κJ 1 bonds along parallel chains and with J 1 bonds providing an interchain coupling. The model thus interpolates between an isotropic HAF on the square lattice at one extreme (κ = 0) and a set of decoupled chains at the other (κ → ∞), with the isotropic HAF on the triangular lattice in between at κ = 1. For the spin-1/2 J 1 -J 2 model, we find a weakly first-order (or possibly second-order) quantum phase transition from a Néel-ordered state to a helical state at a first critical point at κc 1 = 0.80 ± 0.01, and a second critical point at κc 2 = 1.8 ± 0.4 where a first-order transition occurs between the helical state and a collinear stripeordered state. For the corresponding spin-1 model we find an analogous transition of the second-order type at κc 1 = 0.62 ± 0.01 between states with Néel and helical ordering, but we find no evidence of a further transition in this case to a stripe-ordered phase.
Introduction
Arrays of strongly interacting quantum spins arranged on a regular periodic lattice are among the conceptually simplest to describe via a Hamiltonian, but are amongst the most challenging many-body systems in terms of a theoretical derivation of their ground-and excited-state properties from first principles. They have become the subject of intense interest in recent years, especially since many such models give a good description of real magnetic materials that can be studied experimentally. Particular attention has focussed on two-dimensional (2D), spin-1/2 Heisenberg antiferromagnets (HAFs), Heisenberg antiferromagnets (HAFs)! 2D spin-1/2 for which the effects of quantum fluctuations are usually larger than for their counterparts with higher spatial dimensionality or with a greater value of the spin quantum number, s > 1/2. Of special interest has been the interplay between frustration (either geometric or dynamic in origin) and quantum fluctuations in determining the ground-state (gs) phase diagram for such models. While simple models of this kind are well understood in the absense of frustration, 1 their frustrated counterparts present a much greater theoretical challenge. This is particularly so when there are two or more terms in the interaction Hamiltonian that compete with one another to produce different types of ordering. In particular the zero-temperature (T = 0) phase transitions between magnetically ordered quasiclassical phases and novel (magnetically disordered) quantum paramagnetic phases 2, 3 have attracted huge interest in recent years, both as prototypical examples of quantum phase transitions of various types and because of the possible fabrication of real magnets that exhibit such phases, and which may have novel properties. Quantum phases! paramagnetic A particularly well studied such model is the frustrated spin-1/2 J 1 -J 2 model on the square lattice with nearest-neighbour (NN) bonds (J 1 ) and nextnearest-neighbour (NNN) bonds (J 2 ), for which it is now well accepted that there exist two phases exhibiting magnetic long-range order (LRO) at small and at large values of α ≡ J 2 /J 1 respectively, separated by an intermediate quantum paramagnetic phase without magnetic LRO in the parameter regime α c1 < α < α c2 , where α c1 ≈ 0.4 and α c2 ≈ 0.6. For α < α c1 the gs phase exhibits Néel magnetic LRO, whereas for α > α c2 it exhibits collinear stripe LRO. We have recently studied this 2D spin-1/2 model exhaustively by extending it to include anisotropic interactions in either real (crystal lattice) space 4 or in spin space. 5 We showed in particular how the coupled cluster method (CCM) provided for this highly frustrated model what is perhaps now the most accurate microscopic description. The interested reader is referred to Refs. [4, 5] and references cited therein for further details of the model and the method. Quantum phases! magnetic long-range order (LRO) Quantum phases! collinear stripe LRO
The Model
Since the CCM has proven so successful in the above applications we now apply it to the seemingly similar 2D J 1 -J 2 model that has been studied recently by other means for the spin-1/2 case.
6−11 Its Hamiltonian is written as
where the operators s i ≡ (s the square lattice the sum over i, j runs over all distinct NN bonds, but the sum over [i, k] runs only over one half of the distinct NNN bonds with equivalent bonds chosen in each square plaquette, as shown explicitly in Fig. 1 . (By contrast, the J 1 -J 2 model discussed above includes all of the diagonal NNN bonds.) We shall be interested here only in the case of competing (or frustrating) antiferromagnetic bonds J 1 > 0 and J 2 > 0, and henceforth for all of the results shown we set J 1 ≡ 1. Clearly, the model may be described equivalently as a Heisenberg model on an anisotropic triangular lattice in which each triangular plaquette contains two NN J 1 bonds and one NN J 2 bond. The model thus interpolates continuously between HAFs on a square lattice (J 2 = 0) and on a triangular lattice (J 2 = J 1 ). Similarly, when J 1 = 0 (or J 2 → ∞ in our normalization with J 1 ≡ 1) the model reduces to uncoupled 1D chains (along the chosen diagonals on the square lattice). The case J 2 1 thus corresponds to weakly coupled 1D chains, and hence the model also interpolates between 1D and 2D. Heisenberg model! on anisotropic triangular lattice In the classical case (correponding to the asympototic limit where the spin quantum number s → ∞) the J 1 -J 2 model has only two classical gs phases. For J 2 < 1 2 J 1 the gs phase is Néel ordered, as shown in Fig. 1(a) , whereas for J 2 > 1 2 J 1 it has spiral order, as shown in Fig. 1(b) , wherein the spin direction at lattice site (i, j) points at an angle α ij = α 0 + (i + j)α cl , with α cl = cos
The pitch angle φ cl = cos
) thus measures the deviaton from Néel order, and it varies from zero for 2J 2 /J 1 ≤ 1 to In the limit of large J 2 /J 1 the above classical limit represents a set of decoupled 1D HAF chains (along the diagonals of the square lattice) with a relative spin orientation between neighbouring chains that approaches 90
• . In fact, of course, there is complete degeneracy at the classical level in this limit between all states for which the relative ordering directions of spins on different HAF chains are arbitrary. Clearly the exact spin-1/2 limit should also be a set of decoupled HAF chains, as given by the exact Bethe ansatz solution. 12 Bethe ansatz solution Quantum fluctuations! order by disorder However, one might expect that this degeneracy could be lifted by quantum fluctuations, via the well-known phenomenon of order by disorder. 13 Just such a phase is known to exist in the J 1 -J 2 model 4,5 for values of J 2 /J 1 0.6, where it is the so-called collinear stripe phase in which, on the square lattice, spins along (say) the rows in Fig. 1 order ferromagnetically while spins along the columns and diagonals order antiferromagnetically, as shown in Fig. 1(c) .
We note that a recent renormalization-group (RG) 10 analysis of the spin-1/2 J 1 -J 2 model considered here has predicted that just such a collinear stripe phase also exists in this case for values of J 2 /J 1 greater than some critical value which was not calculated in that analysis. Our own results are presented below.
The Coupled Cluster Method Formalism
The CCM (see, e.g., Refs. [14] [15] [16] and references cited therein) that we employ here is one of the most powerful and most versatile modern techniques in quantum many-body Coupled Cluster Method (CCM)! formalism theory. It has been applied very successfully to various quantum magnets (see Refs. [4, 5, [16] [17] [18] [19] [20] [21] [22] and references cited therein), as we now briefly outline below. The starting point for any CCM calculation is to select a normalized model or reference state |Φ . It is often convenient to take a classical ground state (GS) as a model state for CCM calculations of quantum spin systems. Accordingly our model states here include the Néel and spiral states, although we also employ the nonclassical stripe state. It is very convenient to treat each site on an equal footing, and in order to do so we perform a mathematical rotation of the local axes on each lattice site such that all spins in every reference state align along the negative z-axis. The Schrödinger ground-state ket and bra equations are H|Ψ = E|Ψ and Ψ |H = E Ψ | respectively. The CCM parametrizes these exact quantum gs wave functions in the forms The ket-and bra-state correlation coefficients (S I ,S I ) are calculated by requiring the expectation valueH ≡ Ψ |H|Ψ to be a minimum with respect to each of them. This immediately yields the coupled set of equations Φ|C − I e −S He S |Φ = 0 and Φ|S(e −S He S − E)C + I |Φ = 0 ; ∀I = 0, which we solve for the correlation coefficients (S I ,S I ). We may then calculate the gs energy from the relation E = Φ|e −S He S |Φ , and the gs staggered magnetization M from the relation
|Ψ which holds in the local (rotated) spin coordinates on each lattice site i. We note that we work from the outset in the N → ∞ limit, where N is the number of spins on the lattice.
The CCM formalism is exact if a complete set of multispin configurations {I} with respect to the model state is included in the calculation. However, it is necessary in practice to use approximation schemes to truncate the expansions in configurations {I} of the correlation operators S andS. For the case of s = 1/2 we employ here, as in our previous work, 4,5,16−22 the localized LSUBm scheme LSUBm! scheme in which all possible multi-spin-flip correlations over different locales on the lattice defined by m or fewer contiguous lattice sites are retained. The numbers of such fundamental configurations (viz., those that are distinct under the symmetries of the Hamiltonian and of the model state |Φ ) that are retained for the stripe and spiral states of the current model in various LSUBm approximations on the triangular lattice are shown in Table 1 . LSUBm! approximations triangular lattice We note next that the number of fundamental LSUBm configurations for s = 1 becomes appreciably higher than for s = 1/2, since each spin on each site i can now be flipped twice by the spin-raising operator s + i . Thus, for the s = 1 model it is more practical to use the alternative SUBn-m scheme, where m is the size of the locale on the lattice and n is the maximum number of spin-flips. Hence all correlations involving up to n spin flips spanning a range of no more than m adjacent lattice sites are retained. 16 In our case we set m = n, and hence employ the SUBm-m scheme as in our previous work (see, e.g., Refs. [16, 22] and references cited therein). More generally, the LSUBm scheme is thus equivalent to the SUBnm scheme for n = 2sm. Hence, LSUBm ≡ SUB2sm-m. For s=1/2, LSUBm ≡ SUBm-m; whereas for s = 1, LSUBm ≡ SUB2m-m. The numbers of fundamental configurations retained at various SUBm-m levels for the s = 1 model are also shown in Table 1 .
In order to solve the corresponding coupled sets of CCM bra-and ket-state equations we use parallel computing. 23 The highest CCM level that we can reach here, even with massive parallelization and the use of supercomputing resources, is LSUB8 for s = 1/2 and SUB7-7 for s = 1. For example, to obtain a single data point (i.e., for a given value of J 2 , with J 1 = 1) for the spiral phase at the LSUB8 level for the s = 1/2 case typically required about 0.3 h computing time using 600 processors simultaneously. It similarly required about 0.25 h for the spiral phase at the SUB7-7 level for the s = 1 case.
It is important to note that we never need to perform any finite-size scaling, since all CCM approximations are automatically performed from the outset in the infinite-lattice limit, N → ∞, where N is the number of lattice sites. However, we do need as a last step to extrapolate to the m → ∞ limit in the LSUBm or SUBm-m truncation index m. We use here the well-tested 17,18 empirical scaling laws
Results and Discussion
We report here on CCM calculations for the spin-1/2 and spin-1 J 1 -J 2 model Hamiltonians of Eq. (1) for given parameters (J 1 = 1, J 2 ), based respectively on the Néel, Néel states! spiral and stripe spiral and stripe states as CCM model states. We note that, as has been well documented in the past, 24 the LSUBm (and SUBm-m) data for both the gs energy per spin E/N and the on-site magnetization M converge differently for the even-m and the odd-m sequences, similar to what is frequently observed in perturbation theory. 25 Since, as a general rule, it is desirable to have at least (n + 1) data points to fit to any fitting formula that contains n unknown parameters, we prefer to have at least 4 results to fit to Eqs. (2) and (3). Hence, for most of our extrapolated results below we use the even LSUBm sequence with m = {2, 4, 6, 8} for the spin-1/2 case. For the spin-1 case we use the SUBm-m sequences with m = {2, 4, 6} and m = {3, 5, 7}.
Firstly, the results obtained using the spiral model state are reported. While classically we have a second-order phase transition from Néel order (for κ < κ cl ) to helical Quantum phase transition! from Néel to helical order order (for κ > κ cl ), where κ ≡ J 2 /J 1 , at a value κ cl = 0.5, using the CCM we find strong indications of a shift of this critical point to values κ c1 ≈ 0.80 in the spin-1/2 quantum case and κ c1 ≈ 0.62 in the spin-1 quantum case, as shown in Figs. 2 and 3 .
Thus, for example, curves such as those shown in Fig. 2 show that the Néel model state (φ = 0) gives the minimum gs energy for all values of κ < κ c1 , where κ c1 depends on the level of SUBm-m approximation used, as we also observe in Fig. 3 . By contrast, for values of κ > κ c1 the minimum in the energy is found to occur at a value φ = 0. If we consider the pitch angle φ itself as an order parameter (i.e., φ = 0 for Néel order and φ = 0 for spiral order) a typical scenario for a phase transition would be the appearance of a two-minimum structure for the gs energy for values of κ > κ c1 , exactly as observed in Fig. 2 for both the spin-1/2 and spin-1 models in the SUB4-4 approximation. Very similar curves occur for other SUBm-m approximations.
We note from Fig. 2 that for certain values of J 2 (or, equivalently, κ) CCM solutions at a given SUBm-m level of approximation (viz., SUB4-4 in Fig. 2 .774 the only minimum is at φ = 0 (Néel order), whereas for J 2 0.774 a secondary minimum occurs at φ = φ LSUB4 = 0, which is also a global minimum, thus indicating a phase transition at J 2 ≈ 0.774 in this approximation. Similarly for the case of s = 1, for J 2 0.610 the only minimum is at φ = 0 (Néel order), whereas for J 2 0.610 a secondary minimum occurs at φ = φ SUB4−4 = 0, which is also a global minimum.
exists for 0 ≤ φ 0.20π. In this case, where the Néel solution is the stable ground state, if we attempt to move too far away from Néel collinearity the CCM equations themselves become "unstable" and simply do not have a real solution. Similarly, we see from Fig. 4 again that for κ = 1.5; the CCM LSUB4 solution for the s = 1/2 case exists only for 0.15π φ ≤ 0.5π. In this case the stable ground state is a spiral phase, and now if we attempt to move too close to Néel collinearity the real solution terminates.
Such terminations of CCM solutions are very common and are very well documented. 16 In all such cases a termination point always arises due to the solution of the CCM equations becoming complex at this point, beyond which there exist two branches of entirely unphysical complex conjugate solutions. 16 In the region where the solution reflecting the true physical solution is real there actually also exists , using the spiral model state, versus J 2 . The corresponding classical result φ = φ cl is shown for comparison. For s = 1/2, we find in the LSUBm quantum case with m > 2 a seemingly first-order phase transition (e.g., for LSUB8 at J 2 ≈ 0.796 where φ LSUB8 jumps abruptly from zero to about 0.14π). By contrast, in the classical case there is a second-order phase transition at J 2 = 0.5. For s = 1, we find in the SUBm-m quantum case strong evidence of a second-order phase transition (e.g., for SUB6-6 at J 2 ≈ 0.612), although a very weakly first-order transition cannot be entirely ruled out.
another (unstable) real solution. However, only the (shown) upper branch of these two solutions reflects the true (stable) physical ground state, whereas the lower branch does not. The physical branch is usually easily identified in practice as the one which becomes exact in some known (e.g., perturbative) limit. This physical branch then meets the corresponding unphysical branch at some termination point (with infinite slope in Fig. 2 ) beyond which no real solutions exist. The LSUBm (or SUBm-m) termination points are themselves also reflections of the quantum phase transitions in the real system, and may be used to estimate the position of the phase boundary, 16 although we do not do so for this first critical point since we have more accurate criteria discussed below. LSUBm! termination points Thus, in Figs. 4 and 5 we show the CCM results for the gs energy and gs on-site magnetization, respectively, where the helical state has been used as the model state and the angle φ chosen as described above.
Ground state! magnetic order parameter Firstly, the gs energy (in Fig. 4) for the s = 1/2 case shows signs of a (weak) discontinuity in slope at the critical values κ c1 discussed above. Secondly, however, the gs magnetic order parameter in Fig. 4 for s = 1/2 shows much stronger and much clearer evidence of a phase transition at the corresponding LSUBm κ c1 values previously observed in Fig. 4 . The extrapolated value of M shows clearly its steep drop towards a value very close to zero at κ c1 = 0.80 ± 0.01, which is hence our best estimate of the phase transition point. From the Néel side (κ < κ c1 ) the magnetization seems to approach continuously a value M = 0.025 ± 0.025, whereas from the spiral side (κ > κ c1 ) there appears to be a discontinuous jump in the magnetization as κ → κ c1 . The transition at κ = κ c1 thus appears to be (very) weakly first-order but we cannot exclude it being second-order, since we cannot rule out the possibility of a continuous but very steep drop to zero of the on-site magnetization as κ → κ c1 from the spiral side of the transition, for the same reasons as enunciated above in connection with our discussion of Fig. 2 and 3 . These results may be compared with those for the same model of Weihong et al. 9 who used a linked-cluster series expansion technique. They found that while a nonzero value of the Néel staggered magnetization exists for 0 ≤ κ 0.7, the region 0.7 κ 0.9 Table 2 . Ground-state energy per spin, E/N , and magnetic order parameter, M (i.e., the on-site magnetization) for the spin-1/2 HAF on the square and triangular lattices. We show CCM results obtained for the J 1 -J 2 model with J 1 > 0, using the spiral model state in various LSUBm approximations defined on the triangular lattice geometry, for the two cases κ ≡ J 2 /J 1 = 0 (square lattice HAF, φ = 0) and κ = 1 (triangular lattice HAF, φ = has zero on-site magnetization, and for κ 0.9 they found evidence of spiral order. Nevertheless, their results came with relatively large errors, especially for the spiral phase, and we believe that our own results are probably intrinsically more accurate than theirs. By contrast, the gs energy shown in Fig. 4 for the s = 1 case appears to be quite continuous in slope at the critical values κ c1 for each SUBm-m level of approximation, thereby indicating a second-order transition between the Néel and helical phases. Similarly, the gs magnetic order parameter M shown in Fig. 4 also strongly indicates a second-order transition. The extrapolated value of M provides our best estimate of κ c1 = 0.62 ± 0.01 for the s = 1 J 1 -J 2 model.
As a further indication of the accuracy of our results we show in Tables 2 and 3 data for the two cases of the spin-1/2 and spin-1 HAFs on the square lattice (κ = 0) and on the triangular lattice (κ = 1). For the s = 1/2 case we present our CCM results in Table 2 in various LSUBm appoximations (with 2 ≤ m ≤ 8) based on the triangular lattice geometry, and using the spiral model state, with φ = 0 for the square lattice and φ = π 3 for the triangular lattice. Results are given for the gs energy per spin E/N , and the magnetic order parameter M . We also display our Table 3 . Ground-state energy per spin, E/N , and magnetic order parameter, M (i.e., the on-site magnetization) for the spin-1 HAF on the square and triangular lattices. We show CCM results obtained for the J 1 -J 2 model with J 1 > 0, using the spiral model state in various SUBm-m approximations defined on the triangular lattice geometry, for the two cases κ ≡ J 2 /J 1 = 0 (square lattice HAF, φ = 0) and κ = 1 (triangular lattice HAF, φ = π 3 ). extrapolated (m → ∞) results using the schemes of Eqs. (2) and (3) with the three data sets m = {2, 4, 6, 8}, m = {4, 6, 8} and m = {3, 5, 7}. The results are seen to be very robust and consistent. For comparison we also show the results obtained for the two lattices using quantum Monte Carlo (QMC) methods 26, 27 and linked-cluster series expansions (SE). 28, 29 For the square lattice there is no dynamic frustration and the Marshall-Peierls sign rule 30 applies, so that the QMC "minus-sign problem" may be circumvented. In this case the QMC results 26 are extremely accurate, and indeed represent the best available for the spin-1/2 square-lattice HAF. Our own extrapolated results are in complete agreement with these QMC benchmark results, as found previously (see, e.g., Ref. [24] and references cited therein), even though the LSUBm configurations are defined here on the triangular lattice geometry. Thus, we note that whereas the individual LSUBm results for the spin-1/2 square-lattice HAF do not coincide with previous results for this model (see, e.g., Ref. [24] ) because previous results have been based on defining the fundamental LSUBm configurations on a square-lattice geometry rather than on the triangular- lattice geometry used here, the corresponding LSUB∞ extrapolations in the two geometries are in complete agreement with each other. For the s = 1 case, our CCM results are presented in various SUBm-m approximations (with 2 ≤ m ≤ 7) in Table 3 . The extrapolated results (m → ∞) using Eqs. (2) and (3) with m = {2, 4, 6} and m = {3, 5, 7} are also presented. For comparison we also show the results obtained for the square lattice (i.e., κ = 0) using third-order spin-wave theory (SWT-3), 31 a linked-cluster series expansion (SE) 28 and previous CCM extrapolated (m → ∞) results based on SUBm-m calculations on the square lattice.
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We turn finally to our CCM results based on the stripe state as CCM gs model state |Φ . The LSUBm and SUBm-m configurations are again defined with respect to the triangular lattice geometry, exactly as before. Results for the gs energy and magnetic order parameter based on the collinear stripe phase are shown in Figs. 6 and 7.
We see from Fig. 4 that some of the LSUBn solutions based on the stripe state for the s = 1/2 case show a clear termination point κ t of the sort discussed previously, such that for κ < κ t no real solution for the stripe phase exists. In particular the LSUB6 and LSUB8 solutions terminate at the values shown in Table 4 . As is often the case the LSUB2 solution does not terminate, while the LSUB4 solution shows a marked change in character around the value κ ≈ 0.880 that is not exactly a termination point (but, probably, rather reflects a crossing with another unphysical solution). In any event, the LSUB4 data are not shown below this value in Figs. 4 and 4. Similar termination points are seen for the s = 1 case in Figs. 4 and 4 .
The large κ limit of the energy per spin results of Fig. 4 again agrees well with the exact s = 1/2 1D chain result of E/N = −0.4431J 2 from the Bethe ansatz solution, 12 just as in Fig. 4 for the spiral phase. However, the most important observation is that for all LSUBm approximations with m > 2 the curves for the energy per spin of the s = 1/2 stripe phase cross with the corresponding curves (i.e., for the same value of m) for the energy per spin of the s = 1/2 spiral phase at a value that we denote as κ e (as can clearly be seen in Fig. 4 , which shows the energy difference between the stripe and spiral states for various LSUBm calculations.
The crossing values κ e are shown in Table 4 . Thus, for κ < κ e the spiral phase is predicted to be the stable phase (i.e., lies lowest in energy), whereas for κ > κ e the stripe phase is predicted to be the stable ground state. We thus have a clear first indication of another (first-order) quantum phase transition in the spin-1/2 J 1 -J 2 model at a value κ = κ c2 . In summary, although it is difficult to put firm error bars on our results for our predicted second critical point, our best current estimate, based on all the above results, is κ c2 = 1.8 ± 0.4.
For s = 1, the large κ limit of the energy per spin results of Fig. 4 agrees well with the known 1D chain result of E/N = −1.4015 obtained from a density-matrix renormalization group analysis, 33 just as in Fig. 4 for the spiral phase. Unlike for their spin-1/2 counterpart, the stripe phase is not a stable state for the spin-1 case because its energy lies higher than that of the spiral state for all values of J 2 , as shown in Fig. 4 . Hence for the s = 1 case, there is only one quantum critical point κ c1 which drives the Néel phase to the helical phase.
In conclusion, we have studied the spin-1/2 and spin-1 J 1 -J 2 HAF models. We have observed that as the quantum spin number s is increased, the quantum critical point κ c1 is brought closer to the classical (s → ∞) critical point for the phase transition from the Néel phase to the helical phase. The phase transition from the Néel phase to the helical phase at κ = κ c1 for the s = 1/2 case is observed to be a weakly first-order transition (although a second-order transition cannot be entirey ruled out), whereas the spin-1 case is observed to have a second-order phase transition there. There is only one quantum critical point for the s = 1 case at κ c1 = 0.62±0.01, in contrast with the s = 1/2 case where there is a second quantum critical point for the phase transition from the helical phase to the stripe phase. The two quantum critical point for the spin-1/2 case are at κ c1 = 0.80 ± 0.01 and κ c2 = 1.8 ± 0.4. This latter result provides quantitative verification of a recent qualitative prediction of Starykh and Balents 10 using a renormalization group analysis of the J 1 -J 2 model that did not, however, evaluate the actual critical point.
